While the relationship between volatility and risk is central to much of the financial literature it has not been incorporated systematically into assessment of sovereign debt sustainability. This paper attempts to fill this gap by studying how the probability distribution of sovereign debt to GDP ratios depends on the stochastic properties of underlying variables such as the real interest rate, the real growth rate, and the primary budget deficit. Due to the highly non-linear relationship between these variables and the debt ratios, Monte-Carlo simulations have to be used to estimate the probability distribution at different horizons. Using the right-hand tail of the distribution as a measure of the risk, we are able to show how the volatility of the underlying variables as well as potential interactions between them influences country risk.
I. Introduction.
The value of bonds issued by emerging markets has grown enormously over the course of the last 20 years, reaching 3.7 trillion USD 2 in 2004 and becoming one of the primary devices for satisfying emerging market financing needs. With improving economic conditions and increased globalization of financial markets, many emerging markets have better access to capital markets and consequently have accumulated more debt to finance their economic activities. Despite this increased importance of sovereign debt, there are relatively few studies that have tried to determine the pricing behaviour of investors for this asset class.
The existing literature has examined emerging bond market spreads empirically as a function of different fundamentals.
3 Standard macroeconomic variables, such as real GDP growth, various debt ratios, international reserves, and international interest rates have been found to be significant. Although the theoretical reasons for including these variables are not always spelled out, the underlying notion is that they are all related to the probability of default.
In this paper we argue that volatility of macroeconomic variables underlying the evolution of sovereign debt plays a crucial role in explaining bond spreads. Although the finance literature regularly emphasizes volatility as the crucial variable for pricing of financial assets, to our knowledge there are no studies that have introduced volatility of macroeconomic variables as explanations of sovereign bond spreads. 4 In theory there are two possible influences of volatility on bond spreads. 5 One says higher volatility increases the demand for international borrowing to help smooth consumption (Eaton and Gersovitz 1981) , whereas another argues that volatility induces higher default risk, reduces the debt/GDP threshold (Catao and Kapur (2004) ), and thereby increases the interest rate. Our empirical work supports the second view that volatility helps explain a significant portion of sovereign spread.
The link between macroeconomic indicators such as real growth rates, debt ratios, etc. and sovereign bond spreads is often rationalized with reference to the literature on debt sustainability. This literature can be divided into two strands. The first, which looks at the asymptotic properties of the evolution of debt, is represented by the seminal paper of Hamilton and Flavin (1986) followed by Trehan and Walsh(1988) , Kremers(1989) , Hakkio and Rush (1991) , Wilcox(1989 Wilcox( ,1991 and Ahmed and Rogers(1995) among others. The general conclusion to emerge is that the debt/fiscal policy is sustainable if the government budget constraint holds in present value terms meaning that the current debt should be offset by the sum of expected future discounted primary budget surpluses. Most of these papers (Wilcox (1989) is an exception) assume a constant real interest rate which may not be a good characterization of the data. In addition they use unit root and/or cointegration based tests which require long time series (say 50-100 annual observations). For most emerging markets such data series are either not available or suffer from structural breaks.
The second strand of the debt sustainability literature is well represented by IMF (2002), Goldstein (2003) , and Goldfajn (2002) , among others. This literature is often policy focused and typically investigates the implications of alternative macroeconomic scenarios for the expected path of internal or external debt.
Particularly interesting in this context is the stress-testing approach in IMF (2002), which comes close to what we propose in this paper. Our basic hypothesis is that the riskyness of a sovereign bond depends not only on the expected future path of the debt ratio, but also on its entire probability distribution, particularly its right-hand tail.
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Even if the expected (i.e. the most probable) time path of a country's debt looks sustainable, it is possible that some realizations of the underlying variables will bring it to levels that are considered for creditors to be 'too high'. The likelihood of such realizations depends on the volatilities of the underlying determinants of the debt ratio, and hence we hypothesize that these volatilities will be important for the size of sovereign interest rate spreads.
In the next section of the paper we develop a framework for identifying the parameters determining the shape of the probability distribution of the debt/GDP ratio of a government. Sensitivity tests are carried out to illustrate the relative importance of different sources of volatility and of certain types of interactions between the fundamental determinants of the debt ratio. We propose an aggregate measure of riskyness and use it in section III of the paper to test the hypothesis that sovereign spreads depend significantly on the volatility of the underlying macroeconomic fundamentals. The results we obtain from a panel regression study of ten countries over the period 1997:4 to 2000:3 are consistent with our hypothesis.
II. A framework for Estimating the Distribution of the Debt/GDP Ratio.

II.1 The simple dynamics of debt/GDP
The Government Flow Budget Constraint can be expressed as: (2003) has mentioned the approach we are suggesting for assessing sustainability, but they don't use it as mainstay in their sustainability analysis and they don't develop the idea in detail. Barnhill and Kopits (2003) use the balance sheet approach test about fiscal sustainability under uncertainty through producing density distribution. 
Abstracting from operational costs, the change of net worth is equal with interest earning from official reserves.
and using (2) we obtain ***** 111 ()()
Given that base money is a liability of the public sector, net foreign assets held by the Central Bank must be subtracted from the government's foreign debt to calculate the net external liabilities of the public sector. Let * 1 * 1
(or assuming that reserves are equal with zero).
From (6) we get:
and dividing (7) by the price level and the GDP we have: 
where the weighted real interest rate relevant for the total debt is defined as (10) will be the main equation in our framework as it has been in previous studies. The fiscal sustainability approach iterates it f orward and test empirically if the government budget constraint holds in present value terms meaning that the current debt should be offset by the sum of expected future discounted primary budget surpluses. These empirical tests are thus carried out purely in terms of asymptotic properties of the debt ratio. The scenario approach hypothesizes a limited number of scenarios for rt, gt, dt, and s t , and uses these to calculate the implied paths for the debt ratio. We look at the entire distribution of future debt ratios as a function of the nature of the stochastic processes governing these same variables.
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II.2 The probability distribution of the debt ratio.
In view of the non-linearity of equation (10) and the potentially complex interrelations between the variables that appear in it, we will calculate the probability distribution of the debt ratios at various future points in time by means of Monte Carlo simulations. Our approach is inspired by the Value at Risk (VaR) methodology in financial risk management. There the question is 'What is the size of the loss on a portfolio of assets that an investor can incur under particularly unfavorable realizations of the individual returns?' Unfavorable realizations are those that fall in the tail of the assumed or estimated joint distributions of the returns. We ask the analogous question, 'What will be the size of the debt to GDP ratio under particularly unfavorable, but still possible, realizations of growth, interest rates, and primary deficits?'
For ease of presentation we will focus our presentation on the 95 th percentile of the distribution of the debt ratio. We will thus present graphs that take the form of a fan chart in which the upper 95 th percentile of the debt ratio will be plotted against the horizon of the forecast, as in Figure 1 . The interpretation of such a figure is as follows. Suppose that rt, gt, and dt were constant over time. Then equation (10) would imply a particular steady state debt ratio.
9 With stochastic fundamentals however, the outcome for the debt ratio is of course also stochastic, and with a strictly positive probability it will exceed a critical value where creditors might stop lending, at which point default could occur.
10 This is illustrated in the figure by the hypothetical 95 th percentile of the debt ratio crossing the critical value of the debt ratio. In other words, even if the most likely future macroeconomic scenario in a country implies a sustainable debt ratio, unfavorable shocks may push it beyond the point where a debt crisis will ensue. The parameters that determine the likelihood of this happening are those that govern the joint stochastic process of the fundamentals.
II.3 Modeling the 'fundamentals'.
In selecting the model for the fundamental variables we take into consideration two main factors: (i) the processes governing real GDP growth, real interest rate and primary deficit are typically persistent, and (ii) there are likely to be interactions between interest rates, growth, and primary deficits. We incorporate persistence by modeling the variables as 1 st order autoregressive processes, and we include interrelations between the variables that we deem to be most relevant in our context. Specifically, we hypothesize that real growth depends negatively on the real rate of interest rate, that higher debt 9 We assume that the conditions for stability of the difference equations are met. 10 We do not discuss the determinants of this critical value here. Its existence is however implied by the literature on credit rationing. increases the real interest rate due to the emergence of a risk premium, and that growth may influence the primary deficit.
11 This leads us to the specification given in (11). 
The shocks are assumed to be normally distributed according to
where ,, grd are the steady state values and 12 ,, ss 3 s are positive constants.
II.3.1 Calibration
For our first illustration of how shocks, persistence, interdependence, and nonlinearities interact to generate a distribution of possible debt ratios we have chosen parameters given in Table 1 . The steady state values of the real growth rate, real interest rate, and the primary deficit (as a percent of GDP) are 3%, 2% and 0.5% respectively expressed as annual rates 12 . These values imply a steady state value of the debt ratio of 50%. The coefficients on the interaction terms imply − that an increase in the real interest rate of one percentage point (on an annual basis) will decrease real growth by .17 percentage points in the subsequent quarter − that an increase in the debt ratio by 10 percentage points will increase the real interest rate by .10 percentage points in the next quarter − that an change in the real growth rate by 1 percentage point will change the primary deficit by one quarter of one percentage points 11 The empirical literature does stress the relation between fiscal policy and business cycle but it does not give a clear answer whether the effect is positive or negative. Some empirical work, for example Gavin and Perotti (1997) , has shown procyclicality in fiscal policy in Latin American countries while the evidence is that the fiscal policy is counter cyclical in OECD countries . 12 Note that the figures in the table are expressed as quarterly rates.
The standard deviations of the shocks to the real interest rate and the primary deficit are assumed to be of the same size as the corresponding means, while for the growth rate it is equal to two thirds of the mean. These choices are consistent with empirical results we obtain in section III of the paper. Using the model described in (11), the parameters in Table 1 , and equation (10) we can generate density forecasts of the debt ratio at all future horizons. Figure 2 presents the results for a horizon of 16 quarters based on 100000 draws from the distributions of the shocks to the growth rate, real interest rate and the primary deficit. Two remarks are warranted on the basis of this figure. First, with non-trivial probability it appears that the debt ratio can exceed 100% even in a setup where a non-stochastic scenario would predict a ratio of 50%. Second, there is significant skewness in the distribution function which comes from the non-linearity of equation (10). This implies that it may be misleading to work with linearized versions of that equation when we consider explicitly the stochastic nature of the underlying variables. Figure 2 .
The 95 th percentile of debt to GDP ratio as a function of the simulation horizon is given in Figure 3 . We see that after 16 quarters there is 5% probability that the debt ratio could be above 130% for this economy where the non-stochastic steady state value is 50%.
While our framework produces a density forecast, it leaves open the question of threshold level of debt to GDP. Our contention is that if a country's debt level goes beyond a critical level, its access to further financing may be seriously curtailed potentially to the point of provoking a crises. Research has not yet progressed to the point of being able to identify these danger levels empirically however. Part of the problem is that the critical level is country specific and related to a number of institutional and structural factors other than those considered here. Reinhart et. al. (2003) , for example, claim that history matters and sometimes the external debt threshold could be as low as 15% while in other cases it would be much higher. In another study Detragiache and Spilimbergo (2001) found a threshold of 44% of external debt to GDP above which there a 20 percent probability of sovereign debt crises. In any event, ceteris paribus, countries for which the distribution of future debt levels is more skewed to the right should be considered as more risky debtors than countries for which the upper tail of the debt distribution contains a smaller mass. We now turn to an analysis of how sensitive the distribution is to the nature of the processes defining the fundamentals. 
II.3.2 Sensitivity analysis
We investigate the sensitivity of the debt ratio to changes in three groups of parameters: the standard deviation of the shocks, autoregressive parameters and the interactive parameters. In each case when we change a parameter in (11) we adjust d so as to make the non-stochastic steady-state value of b equal to 50%.
Figures 4 and 5 illustrate the effects of changing the standard deviation of the shocks and the interaction parameters respectively. In each case we multiply the baseline values by factors ranging from 0.6 to 1.5 in steps of 0.1. Hence the values of the 95 th percentile when the multiplicative factor is 1 are exactly those that are given in Figure 3 . We note that the distribution of b is quite insensitive to variations in the volatility of the primary deficit, whereas changes in the volatility of both r and g can have substantial impacts. The sensitivity to the interaction parameters is largest for ρdg and ρgr, the effect of growth on the primary deficit and the effect of the interest rate on growth, respectively. Figure 6 shows not surprisingly that increases in the autoregressive parameters imply a spreading out of the distribution of the debt ratio. Once again, the sensitivity is least pronounced in the case of the autoregressive parameter of the primary deficit, the reason being that it enters equation (10) linearly. Finally, in Figure 7 we illustrate the importance of the relationship between the real interest rate and the real growth rate. Recall that in the baseline simulation the steady state value of the former was 2% and the latter 3%. In Figure 7 this relationship is reversed so that the real interest rate is greater than the growth rate. As mentioned above, we adjust d at the same time from a deficit to a surplus such that the steady state value of b remains at 50%. The result shows that making the interest rate greater than the growth rate makes the economy riskier even when the primary deficit is adjusted so as to make the government solvent in a steady state expected value sense. 
II.3.3. A vulnerability index.
The sensitivity of debt ratios to volatility and interaction parameters suggests interest rate spreads on sovereign bonds, or other measures of country risk, should depend on these parameters in a well-defined way. In order to limit the number of parameters to consider, we argue that the 95 th percentile of the simulated distribution of the debt/GDP ratio can be viewed as an aggregate 'vulnerability index'. This index effectively combines the whole set of volatility and interaction parameters using weights that are appropriate from the point of view of their importance in determining potential debt outcomes. In the next section we estimate vulnerability indices fo r ten sovereign debtors and include them in equations explaining interest rate spreads.
III. An econometric model of interest spreads on sovereign debt.
The previous literature on the determinants of interest rate spreads have used one of three different measures as the dependent variable in the analysis: (i) primary yields [Edwards(1986) , Kamin and Kleist (1999) , Min(1998) ], (ii) primary yields corrected for selection bias [Eichengreen and Mody (1998) ], or (iii) secondary market spreads [Goldman and Sachs(2000) , DellAriccia, Goede and Zettelmeyer (2002), Ferruci (2003)]. Given the data available for constructing the risk variable we follow Cline and Barnes (1997) and use yields on Eurobonds of ten emerging and developed countries. Table 2 lists the countries and the bonds together with summary statistics on the spreads. External debt to export or external debt to GDP is part of every empirical study in the literature and is found to be significantly positive. The interpretation is that the variable captures the country's capacity to service its debt. The size of international reserves helps to cushion temporary fluctuations in the balance of payments and reduces the risk of debt-service difficulties. It is therefore expected to have a negative influence on the spread. Conversely the higher the current account deficit the greater is the need for external finance and the higher the interest rate spread. The fiscal balance, measured as the difference between total revenues and total expenditure including interest payment on outstanding debt, is expected to have a negative relationship with spreads since higher fiscal balance means higher capacity to service debt and higher possibility to reduce the debt stock.
International interest rates are common determinants of the bonds spreads. The literature suggest that spreads are negatively related to short term rates since they increase the cost of borrowing, while they are positively related to long-term rates. As our sample includes both developed and emerging market countries a dummy variable is included in the equation to control for differences between them that are not captured by the other variables. Other dummy variables are included to capture potential effects of restructuring programs and countries' default histories.
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To the standard specification we add our risk variable which we expect to have a positive influence on the spread since it is related to the probability that the debt ratio of the country might become very large as a result of particularly unfavourable shocks to the underlying variables. To test whether the volatility of output growth is sufficient to capture the effect of risk as in Catao, et.al., we also add the standard deviation of output growth to the specification. 
III.1 Description and construction of the risk variable
Recall equation (10) (13) where r is the real rate of interest, g is the real growth rate and, d is the primary budget deficit. 15 As explained in section II our risk measure is based on the 95 th percentile of the distribution of the future value of the debt ratio, where the distribution is based on MonteCarlo simulations of equation (13) together with estimated stochastic processes for fundamental variables r, g, and d.
III.1.1 Estimation of the stochastic processes for the fundamentals.
The countries included in the empirical analysis were Argentina, Belgium, Brazil, Indonesia, Ireland, Italy, Mexico, Sweden, Thailand and Turkey, and the sample period is dependent on the availability of the data.
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Real GDP growth rate
Following the specification in section II we assumed that real GDP growth follows a 1 st order autoregressive process with an additional influence from the real interest rate. The estimation results are given in Table 3 . Most of the variables (lagged growth as well as the interactive term) are significant at the 1% level. Generally speaking the emerging markets in the sample have a higher mean growth rate than the high-income countries. As is expected, the average volatility of emerging markets is also higher. Within the emerging market group Argentina and Mexico stand out as having particularly volatile GDP growth rates. (1) (1) 1 (1)
Since data on these variables are available for a longer period than for public debt we did not include any influence of the debt level on the interest rate, but estimated a simple 1 st order autoregressive process. The results are given in Table 4 . The autoregressive interest rate model does not fit as well as the growth equation. As expected however, the real interest rates in emerging markets are generally significantly higher than those in developed ones. Their volatility, as measured by the standard deviation, is also much higher, 60% on a yearly basis while it is only 4% in developed countries.
Primary deficit
The primary deficit was modelled as a 1 st order autoregression with an additional effect due to the growth rate of real GDP: Note: -The end periods is 1997.4 while starting period are as following : Argentina 1992.1; Belgium 1986.2; Brazil 1992.2; Indonesia 1991.1; Ireland 1983.1; Mexico 1990.4; Sweden 1983.1; Thailand 1983.1; Turkey 1984.4 ; dbar -stands for mean value; sig(d) stand for standard deviation; (*)-5% level of significance; (**) 1 % level of significance The primary deficit is clearly highly autoregressive in all countries, but the influence of the past growth rate is only significant in Sweden and Thailand. All the countries seem to run primarily surpluses on average, except for Argentina and Turkey. The highest volatilities of primary balances are recorded in Sweden and Ireland.
III.1.2 Construction of the risk variable.
Based on equation (13) and the estimated stochastic processes for the growth rates, interest rates, and the primary deficits we calculated density functions of debt/GDP ratios for all countries using Monte Carlo simulations. For illustrative purposes we present those of Mexico and Belgium after 16 quarters in Figure 8 . 17 Note that the distribution for Mexico has a significantly fatter right-hand tail than that of Belgium.
Since our risk measure is based on the 95 th percentile of cumulative distribution function, Mexico will be recorded as riskier than Belgium. Formally the risk variable is defines as 4. The figure also shows that the aggregate risk measure has a stronger correlation with the spreads than the constituent components. This to us is an indication that the aggregation of the various volatilities into our overall risk measure is useful. 
III.2. Estimation method, data, and results
For convenience we repeat the specification of the equation for the interest rate spread that we used in the estimation The risk variable and the standard deviation of real growth were constructed as described in the previous section. For the other variables data are taken from IMF-IFS statistics and Moody's-country credit risk statistical handbook. In order to avoid potential simultaneity problems a ll the independent variables influence the spreads with a oneperiod. 18 The estimation method is pooled OLS. Table 5 contains the main results. As can be seen the risk variable has the expected sign and is significant at 1% level. This result turns out to be robust to several modifications in the specification as well as to a split in the sample between emerging markets and developed countries (Table 6) .
Two alternative measures of riskiness, the dummy variable D R which indicates whether the country has de faulted on its debt at least once in last 20 years, and the volatility of real GDP growth, are both insignificant. This suggests that our combined measure of risk is a more appropriate indicator for the determinant of interest rate spreads. Reserves to imports and current account balance have the expected negative influence on sovereign spreads and they are highly significant. The impact of the debt/export ratio is not robust, however, as the sign changes depending on the specification and the significance is generally low. It appears that the risk associated with large potential increases in debt ratios is more important for interest rate determination than the debt level itself.
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The US interest rate seems to have a negative influence on bond spreads. One rationale proposed by Ferrucci(2003) is that investors are more interested on the slope of term structure. The steeper the term structure, the higher the long term bond yield, the lower credit spreads.
Brady restructuring dummy is found to be highly significant and appears to have the effect of lowing the spread, contrary to the results in Cline and Barnes, op. cit.. This could be an indication that participation in a Brady restructuring scheme acts as a sign of good housekeeping thereby lowering the cost of external finance.
When we split the sample into one group of emerging markets and one group with developed countries, the significance of our risk measure remains as shown in Table 6 . Noteworthy changes in the results are that for developed countries the coefficient on the current account becomes positive but insignificant while that on the fiscal balance turns out to be significant. International interest rates do plays an important role for emerging market bond spreads, while they do not seem to matter for the developed countries. 
IV. Extensions.
We have proposed a measure of risk associated with a sovereign debtor built on an aggregation of parameters describing the volatility of the fundamental variables determining the dynamics of the country's debt/GDP ratio. The measure was shown to be a powerful explanatory variable in a regression equation explaining the spread of interest rates on sovereign debt over US Treasuries.
Additional use of the risk measure can be imagined. For example, it would be interesting to investigate if it has explanatory power in models designed to predict sovereign default probabilities, or in models that attempt to predict sudden stops in capital flows to emerging markets and associated currency pressures.
The construction of the measure itself may be elaborated in several directions. The exchange rate should be explicitly included in the analysis when foreign-currency denominated debt is important. This would introduce the possibility of valuation effects of the existing external debt as a result of exchange rate changes. Other stochastic processes for the fundamentals could also be explored, for example regime switching models for the growth rate of real output, or jump processes for the exchange rate.
It would finally be useful to extend the data sample studied in this paper both to more countries and to other time periods.
